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Effect of Airfoil (Trailing-Edge) Thickness on the Numerical
Solution of Panel Methods Based on the Dirichlet Boundary

Condition
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Computational methods based on the solution of the potential flow model are widely used for the analysis of
low-speed, in viscid, attached-flow problems. Most of such recent methods are based on the implementation of
the internal Dirichlet boundary condition instead of the zero normal flow on a solid-surface (frequently called
the Neumann) boundary condition. These methods, however, were developed for thick wings and bodies and
become singular as the thickness approaches zero. In this article the practical limit of airfoil thickness ratio for
which acceptable engineering results are obtainable with the Dirichlet boundary-condition-based numerical
methods is investigated. This is done by studying the effect of thickness on the calculated pressure distribution
near the trailing edge and by comparing the aerodynamic coefficients with available exact solutions. The first
objective of this study, owing to the wide use of such computational methods, is to demonstrate the numerical
symptoms that occur when the body or wing thickness approaches zero and to increase the awareness of potential
users of these methods. Additionally, an effort is made to obtain the practical limits of the trailing-edge thickness
where such problems will appear in the flow solution, and to propose some possible cures for very thin airfoils
or those with cusped trailing edges.

Introduction

T HE applicability of inviscid flow models for a large va-
riety of high-Reynolds-number fluid dynamic problems

is widely recognized by the engineering community. In recent
years this approach led to the development of numerous nu-
merical solutions based on these principles which are called
panel methods. These numerical solutions differ from each
other primarily in the type of boundary condition utilized, in
the order of approximation for the singularity strength dis-
tribution, and in how the shape of the solid surface is defined
(for a description of several such panel elements, see, for
example, Ref. 1, Chap. 11). Recent trends, however, indicate
that the use of the internal Dirichlet boundary condition2'3 is
gaining popularity as a result of its simpler formulation and
smaller computational effort (see Fig. 11.36 in Ref. 1). These
methods have proved to be successful when treating thick
wings and bodies, but when the thickness approaches zero
(e.g., for a wing near its trailing edge), then the solution may
become singular (as pointed out by Morino and Kuo2).

Because of the wide use of such codes4"6 by the engineering/
research community, the primary objectives of this study are:

1) Investigate the practical limits of airfoil thickness when
using panel codes based on the Dirichlet boundary condition
so that potential users of such codes will be aware of such
problems.

2) Propose some possible cures to the problem for thin
airfoils having very thin or cusped trailing edges.

Basic Formulation
The potential flow model, which provides the foundation

for panel methods, is based on the assumption that for a high-
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Reynolds-number flow the fluid outside a very thin boundary
layer (on the body's surface) can be assumed to be inviscid,
incompressible, and irrotational (potential flow). To briefly
present this model, we consider a body with known bound-
aries SB submerged in such a potential flow, as shown in Fig.
1. The flow of interest is in the outer region where the in-
compressible continuity equation in terms of the total velocity
potential <f>* is

- 0 (1)

For simplicity we shall consider the two-dimensional:]: case
only, and following Green's second identity (Ref. 1, Sec. 3.2)
the general solution to Eq. (1) can be constructed by a sum
of source a and doublet ^ distributions placed on the surface
of the boundary S (which includes SB and possibly a wake
surface Sw):

<£ (*, z) = ̂  I
ZTT Js + *» (2)

Here r is the distance between the source (or doublet) element
and a field point, the vector n is normal to S and points in
the direction of the potential jump JJL and is positive when it

Fig. 1 Nomenclature used to define the mathematical problem.
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$It will be shown later that numerical instabilities initiate near the
trailing edge where (even for three dimensional wings) the two-di-
mensional Kutta condition is usually specified. Therefore, it is as-
sumed that for the purpose of this study a two dimensional treatment
of the problem is sufficient.
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points inside the body (Fig. 1), and
potential:

Wxz

is the freestream

(3)

The "direct" boundary condition on the surface requires that
the velocity component normal to the solid surface SB be zero:

V<J>* w = n = 0 (4)

and <f> is the perturbation potential [the integral term in Eq.
(2)]. Also, the terminology "total potential" becomes evident
now since 4>* = <l> + 4^.

A second boundary condition (at the distant, outer bound-
aries of the flow) requires that the flow disturbance, due to
the body's motion through the fluid, should diminish far from
the body:

lim - 0 (5)

This condition is automatically met by all the singular solu-
tions presented in Eq. (2).

Note that if for an enclosed boundary (e.g., SB) d<&*/dn =
0, as required by the boundary condition in Eq. (4), then the
potential inside the body will not change (e.g., see Ref. 7,
theorem 4, p. 216):

= const (6)

This equation is the Dirichlet boundary condition for Eq. (2)
and is an alternate form of Eq. (4).

To solve this mathematical problem, a combination of source/
doublet distributions is placed along SB with a wake model
for the discontinuity of the velocity potential on Sw (consisting
of doublets only) and the Kutta condition will be specified at
the trailing edge. This condition requires that the pressure
difference at the trailing edge (TE) of an airfoil be zero and
traditionally this was formulated by requiring that the circu-
lation density at the trailing edge be equal to zero (yTE = 0)
which in terms of doublets (see Ref. 1, Sec. 9.3) becomes

= const (7a)

An alternate formulation is possible by requiring that the
velocity will be equal for the upper (subscript U) and lower
(subscript L) trailing-edge surfaces. In terms of the surface
doublet distribution near the trailing edge this can be ex-
pressed as

dS dS (7b)

where S is the coordinate along the upper or lower surfaces.
For the purpose of numerical solution the basic panel ele-

ment is represented by a constant strength singularity distri-
bution placed along a straight line segment (this approach is
widely used in many panel codes), and the body is now divided
into N such surface panels, and the wake to Nw panels (see
Fig. 2 where only one wake panel is used, but in cases such
as the multielement airfoil at least one wake panel for each
airfoil's trailing edge is required). The boundary condition
will be specified at each of the body's surface elements-at a
"collocation point" (which for the Dirichlet boundary con-
dition is specified inside the body). After rewriting the Dir-
ichlet boundary condition for each of the N collocation points
[with the use of Eq. (2) for the potential of each panel] the
following discretized formulation is obtained:

= 0 (8)

for each collocation point k, where the coefficients Bk and Ck
are a result of the integration on each panel and depend on
the panel geometry. For example, for a constant strength JJL
element the influence of panel k (lying between points 1 and
2) at an arbitrary field point (jc, z) is

(9)

(10)

These equations depend on the field point and the panel
coordinates only and this can be demonstrated for the case
of the doublet by performing the integration in Eq. (9):

and for a constant strength cr element

- I fCk = ̂ 1 tan-1 Z-^^ - tan-1 ——x — x7 x —

-I
27T (02 -

where 01? 02
 are the angles between the panel edges and the

field point. When the field point of interest is on the element
then this equation becomes

Ck= (12)

where the plus sign is used when the panel is approached from
below the element (from inside the body).

Equation (8) is the numerical equivalent of the boundary
condition. If the strength of the sources is selected (e.g., crk =
— nk-Vx for the case of Of = •<!>*, and Vx = (Ux, Wx), see

Ref. 1, p. 241) then the coefficients Bk can be computed and
the strengths crk are known and the last term in Eq. (8) can
be moved to the right-hand side of the equation. Thus Eq.
(8), when specified for the N collocation points, results in a
set of N linear algebraic equations with N + 1 unknowns: JJL^
. . . JJLN, fjiw (and for the single airfoil only one wake panel is
used here). An additional equation for the wake doublet
strength (JJLW = JJLN - JJL^ is constructed by using the Kutta
condition [Eq. (la)] and the resulting N + 1 equations can
be solved by standard algebraic methods.

The solution of the matrix equation provides the doublet
values of each of the TV panels and the pressure coefficient
for each panel can be calculated by using Eq. (13):

(13)

where Vt is the tangential velocity component at the panel
outer surface due to the freestream and the perturbation ve-
locity potentials [Vt = VX( + (d/i/dS)]. The contribution of
each panel to the force component in the x and z directions
is then

(14a)

(14b)cosOk

where the panel length &Sk and inclination Ok are shown in
Fig. 2. The total lift and moment are obtained by summing
the contribution of each element and relating them to the
freestream direction. Note that the lift can be calculated by
using the Kutta-Joukowski theorem

L = (15)
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and since the wake is modeled by a constant strength doublet
its strength is equal to the strength of the starting vortex (see
Fig. 2)

1 w ~ (16)

which according to Kelvin's theorem (dT/dt = 0) is equal to
the airfoil's circulation.

Results and Discussion
The practical solution of the flowfield over airfoils includes

considerations involving the modeling of the viscous boundary
layer, its displacement thickness, or models for finite thickness
or even diverging trailing edges. The current discussion, how-
ever, is limited to the phase where these considerations have
resulted in a surface geometry that will be used for the po-
tential flow solver. The quality of the numerical solution for
this surface geometry is then investigated by comparing the
computed results with available exact solutions.

To demonstrate the effect of thickness on the numerical
solution, the van de Vooren airfoil shape is selected for which
the exact (analytic) pressure distribution and lift are presented
in Ref. 1, Chap. 6. This airfoil shape (shown in Fig. 3) is
similar to the Joukowski airfoil (which has a cusped trailing
edge), but its trailing edge angle is finite and, therefore, is
more suitable for numerical calculations. The constant-strength

singularity panel element described in this article is similar to
the elements used in some of the widely used panel codes
(e.g., Ref. 4-6) and therefore the following results can pro-
vide some guidelines for the users of such panel methods.

The pressure distribution on the upper and lower surfaces
of the van de Vooren airfoil for various thickness ratios is
presented in Fig. 4 and for these calculations the more com-
mon form of the Kutta condition was used [Eq. (7a)]. The

Fig. 2 Representation of the solution by a discrete set of surface
source/doublet elements with constant strength.

Fig. 3 Description of the geometry of 5% and a 15% thick van de
Vooren airfoils.

-2.0

1.0
-1.1 -0.9 -0.7 -0.5 -0.3 -0.1 0.1 0.3 0.5 0.7 0.9 1.1 -1.1

Fig. 4 Effect of airfoil thickness on the numerical solution of the pressure distribution on the van de Vooren airfoil (solution is based on constant-
strength source/doublet elements using the internal Dirichlet boundary condition).
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solid line stands for the exact solution, and the circles rep-
resent the numerical results. The upper case in Fig. 4 shows
the 15% thick airfoil modeled by 90 panels, and the pressure
distribution results agree well with the exact solution. This
trend continues to 2% thick airfoils but breaks down near the
trailing edge for thinner airfoils, such as the 0.5% thick airfoil
shown in the figure (the percent means that maximum thick-
ness over chord is tic = 0.005). A comparison between the
exact and computed lift coefficients is presented in the inset
to Fig. 4 and the computed results were obtained by inte-
grating the individual panel contributions. This table indi-
cates, too, that for airfoils thicker than 2%, the integrated
lift values differ only within a few percent from the exact
values, whereas for thinner airfoils this difference increases
considerably.

Figure 4 clearly demonstrates that for this airfoil when the
thickness ratio is less than 2% the solution based on the Dir-
ichlet boundary condition becomes inaccurate near the trail-
ing edge. To investigate this problem further the pressure
difference between the two trailing-edge panels vs trailing-
edge thickness parameter is plotted in Fig. 5. The thickness
parameter hi a is described in the inset to Fig. 5 and a is the
distance between the two neighboring collocation points. Since
the parameter hi a is directly related to the trailing-edge angle,
this figure can be interpreted such that as trailing-edge angle
approaches zero, the solution becomes unstable. Also, Eq.
(11) indicates that the panel influence depends on the view
angles 6 and therefore the boundary condition at the two
trailing-edge collocation points may yield an ill-conditioned
problem. The effect of increasing the number of panels (or
using smaller panels near the trailing edge) simply aggravates
the problem and therefore larger trailing-edge panels usually
can partially improve the solution.

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35
h/a

Fig. 5 Pressure difference between the trailing-edge upper and lower
panels vs trailing-edge thickness parameter (or angle).

In order to shed some light on the importance of the trailing-
edge region to the numerical results, a comparison is made
with the results for a similar airfoil but with a cusped trailing
edge. The shape of this airfoil is similar to the previous airfoil
(apart from the trailing-edge region), but its cusped trailing
edge causes similar problems, even for the much thicker airfoil
(see Fig. 6). The numerical problems associated with the so-
lution of such airfoil shapes stimulated numerous studies, and
two of the most recent ones are presented in Refs. 8 and 9.

Based on the information presented in Figs. 4 and 6, there-
fore, we can conclude that for lifting flows the trailing-edge
thickness (or angle) is an important parameter and if h/a <
0.25 some numerical difficulties can be expected.

The effect of thickness on calculated lift and drag (where
the latter should be zero) is plotted in Fig. 7. Here the aero-
dynamic coefficients are obtained by integration of the pres-
sure distribution (to simulate commercial panel codes) and
the magnitude of the error clearly increases for the thinner
airfoils (similar results were reported in Ref. 10 which high-
lighted the possible large errors in the drag term). Again the
effect of increased panel density increases the error and when
using only 40 panels, from the engineering point of view, the
results can be considered as reasonable.

It is clear that for zero-thickness lifting surfaces, different
solution methods, based on the Neumann boundary condi-
tion, must be used so that this problem can be avoided (and
in this case only one solid surface is specified, contrary to the
thick airfoil case, where an upper and a lower surface are
used). Also the various panel method formulations presented
in Ref. 1 (Chap. 11) indicate that, in general, solutions based
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Fig. 7 Effect of thickness on computed lift and drag forces vs airfoil
thickness ratio [for this solution the Kutta condition was specified by
Eq.
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Fig. 6 Effect of a cusped trailing edge on the pressure distribution near the trailing edge. Both airfoils are van de Vooren airfoils (shown in the
insets), but in case a, trailing edge angle is zero (cusped), and in case b, this angle is finite (actually hi a — 0.31, or 0 = 17 deg).
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Fig. 8 The improved pressure distribution near the trailing edge for the last three cases presented in Fig. 4. For this solution the second form
of the Kutta condition was used [Eq. (7b)].
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Fig. 9 Effect of thickness on computed Hft-and drag forces vs airfoil-
thickness ratio [the solution for this figure is based on the second form
of the Kutta condition, Eq. (7b)l.

on the Neumann boundary condition are less sensitive to this
approaching-zero-thickness problem (excluding the constant
doublet method). On the other hand, all Dirichlet boundary-
condition-based methods were found to be susceptible to this
trailing-edge instability. However, the problem being studied
here relates to computer codes4"6 used by the industry (which
mostly use constant strength doublet/source elements and the
Dirichlet boundary condition) and where the user finds it
difficult to change the type of boundary conditions which were
built into the program. Consequently, in this study only the
effect of (two) minor programming changes were investigated
which can be implemented easily with most panel codes. The
first change requires a minor alteration in a wing trailing-edge
geometry8'9 such that the angle of the last two panels increases
(thus the airfoil or wing is slightly different from the original
one), and in this case satisfactory results were obtained (as
long as hi a > 0.25 for the modified trailing edge panels, as
indicated by the trends presented in Fig. 5).

The second modification requires the use of the velocity
formulation for the Kutta condition [Eq. (7b)]. Such for-
mulations were studied in the development stages of various

panel methods,11'12 but their numerical implementation caused,
in some cases, an increase in the computational effort (results
based on this approach are presented in Ref. 11 too, and they
led to an improved pressure distribution near the trailing edge).
In the present case the use of Eq. (7b) provided the N + 1th
equation which for trailing-edge panels of equal length can
be reduced to

UN ~ Mw-i ~ M-i ~ ^2 (17)

This formulation of the last equation indeed extended the
thickness range of the numerical solution. A repeat of the
data of Fig. 4 is shown in Fig. 8 and for airfoils as thin as
0.5%, reasonable pressure distributions were obtained.

The results for lift and drag, when using the second form
of the trailing-edge condition, are shown in Fig. 9, and the
difference between the exact and calculated solutions is far
less than in Fig. 7. More important is the fact that with more
panels the solution improves and converges to the exact one.
In conclusion, the use of Eq. (17) considerably improved the
solution for lifting airfoils (and wings) with very thin trailing
edges. However, the use of this type of Kutta condition in-
stead of Eq. (7a) may increase computational effort for most
panel codes [since the unknown wake doublet values juw can-
not be resubstituted in a manner suggested by Eq. (7a)]. For
example, when having N panels and Nw wake panel rows in
a three-dimensional formulation, the use of Eq. (7a) results
in a matrix equation of the order N, whereas the use of Eq.
(7b) may yield a matrix of the order of N + Nw.

Concluding Remarks
Users of panel codes based on the Dirichlet boundary con-

dition must be aware that when the trailing-edge thickness
parameter becomes small (hia < 0.25), then the numerical
solution may become inaccurate.

The solution for thin wings (but not of zero thickness) when
using a Dirichlet boundary-condition-based panel method can
be improved by larger panels and by larger angles between
these trailing-edge panels. Better results can be obtained by
using an alternate form of the Kutta condition which requires
that the upper and lower trailing-edge velocities be equal.
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